In this paper the reflection and refraction of the electromagnetic waves from the planar interface of an anisotropic medium are investigated. The considered anisotropic medium is a uniaxial material whose optical axis lies in the incident plane and makes an arbitrary angle with the normal to the interface. It is shown that the directions of the wave and Poynting vectors of the transmitted wave depend on the incident angle and the orientation of the optical axis of the uniaxial material. Also, the situation that the negative refraction can happen for such media is obtained. In addition, the dependence of the Brewster angle to the orientation of the optical axis of the uniaxial material is considered. More interestingly, it is shown that there is a situation for which the wave and Poynting vectors of the transmitted transverse magnetic wave are parallel.
Introduction
An electromagnetic (EM) wave passed through the interface of two media experiences some reflection and transmission. The reflection and transmission coefficients at the interface described by the Fresnel equations depend on the polarization, the incident angle of the incoming wave, and the optical properties of two media, including their permittivity and permeability. The reflection and refraction of EM waves at the interface of isotropic materials are widely used for controlling the polarization, intensity, phase of EM waves in the wide range of applications [1, 2] .
During the last decades, the response of anisotropic materials to the electromagnetic waves has increasingly attracted a great deal of attention because of the phenomena that different from those in isotropic materials. The reflection and transmission applications at the interface of anisotropic materials encourage the researchers to more study the Fresnel equations in such media. There are some approaches to determine the reflection and refraction of the EM waves in the uniaxial crystals [3, 4] . Generally, an EM wave falling on the interface of the anisotropic media is refracted into two waves with different directions of propagation. At the interface of usual materials the incident and refracted waves are in opposite side of the interface normal. However, the incident and refracted waves may be in the same side of the interface normal (negative refraction) in the case of light refraction in the interface of isotropic and anisotropic media [5] [6] [7] [8] [9] [10] . The phenomenon of negative refraction which is shown in the negative uniaxial anisotropic materials has imaging applications in superlenses beyond the diffraction limit [11] . A detailed analysis of the reflection, refraction characteristics, and the features of the Brewster angle for both TM and TE waves have been investigated at the planar interface associated with the uniaxial media [3, 10, [12] [13] [14] [15] . As one knows, the Poynting and wave vectors in anisotropic materials are not necessarily collinear. The directions of the Poynting and wave vectors which show the propagation of the energy flow and the phase velocity, respectively, strongly depend on the optical properties of the materials and the isofrequency surfaces of the incoming wave. To the best of our knowledge, the relation between directions of the Poynting and wave vectors have not been studied in uniaxial materials, analytically.
In the present paper, using boundary conditions for the electric and magnetic fields at the interface of two lossless isotropic and uniaxial materials, the Fresnel reflection and transmission coefficients of the TE and TM modes are derived. The dependence of the wave and Poynting vectors direction for the reflected and transmitted waves on the incident angle and the orientation of the optical axis of the material is studied, and illustrated using isofrequency curves. The results are realized by numerical calculations for calcite and liquid crystal 5CB as the typical negative and positive uniaxial materials.
Calculation and theoretical model
Consider the isotropic medium 1 and the anisotropic medium 2 as depicted in figure 1. We define the coordinates as the reflecting surface being the xy plane and the plane of incidence being the xz plane with the z axis normal to the interface of the two media. Suppose a TM plane wave is incident with the angle θ 1 from the isotropic medium 1 with the real relative permittivity ε 1 onto the medium 2 which its permittivity is described by the real permittivity tensor ê 2 : where, ε 0 is the permittivity of the vacuum and ε zx =ε xz . We treat the media 1 and 2 as nonmagnetic materials with m m m = = 1 2 0 , where μ 0 is the permeability of the free space. For the TM mode, the magnetic and electric fields of the waves in the media 1 and 2 are given as:
e e w = - 
are the z components of the wave vectors in the media 1 and 2. We can easily obtain the Fresnel reflection and transmission coefficients by applying the continuity conditions of the tangential magnetic and electric fields at the interface of the two media as:
e e e e e e e e e e e e = = -
e e e e e e e e e = = -
The reflection R TM and transmission T TM are defined by: Like as the TM mode, the Fresnel equations of the TE mode can be obtained as: 1 . In addition, the Poynting vector of the TE mode in the medium 2 is given by: 
Results and numerical calculations
In this section, we study the behavior of the TM and TE modes, by numerical calculations, at the interface of the medium 1 assumed to be free space with the relative permittivity ε 1 =1 and the uniaxial medium 2. Here, the medium 2 is considered to be the uniaxial material which its optical axis lies in the xz plane and makes the angle j with the normal to the interface of two media. For such medium, the elements of the permittivity tensor ê 2 are given by [5, 6, 16] : Here, e  and ε ⊥ are the parallel and perpendicular components of the relative permittivity of the uniaxial material with respect to its optical axis, respectively. It is well known to define the birefringence e e D = - n , which can be positive or negative for the positive or negative uniaxial materials, respectively. We want to investigate the transmission and reflection at the interface of the uniaxial materials.
We assume that the uniaxial material to be CaCO 3 which is a transparent negative uniaxial crystal at λ=589 nm with e e = = . It is useful to define the parameter δ which shows the polarization of the reflected wave as fallows:
where, δ=1 and −1 indicate that the polarization of the reflected wave is TM or TE, respectively. In figure 3 the parameter δ is depicted as a function of the incident angle. From equations (21), (29) it is clear that the Brewster angle θ B strongly depends on the orientation of the optical axis of the uniaxial medium 2. To show this, we plotted θ B versus j in figure 4 . Now, we use equations (16), (17) For the incident angles θ 1 <θ c the negative refraction can happen, in which the refracted Poynting vector and the incident wave are in the same side of the normal to the interface. Since, the TM wave is the extraordinary mode, so the Poynting vector of the TM wave in the considered uniaxial medium is not necessarily in the direction of its wave vector. This can be understood from the dispersion equation of the TM mode in the uniaxial material. By using Maxwell equations the isofrequency curves in the medium 2 can be obtained: As mentioned earlier, the direction of the Poynting vector which is perpendicular to the isofrequency curves depends on the value and the sign of the permittivity of medium. In figure 5(a) the isofrequency curves (ellipsoids), the directions of the Poynting vector (dashed arrows) and wave vector (dotted arrows) of the TM mode depicted schematically, for different incident angels. On the other hand, the isofrequency curves for such media for the TE mode are given by:
which is obviously a circle, so the wave and Poynting vectors are in the same direction. This situation illustrated in figure 5 (b). More interestingly, figure 5(a) reveals that
TM at the incident angle θ 1 =34.54°. In other words, the Poynting and the wave vectors of the transmitted TM mode will be parallel at the incident angle θ 1 =34.54°. The incident angle for which the Poynting and the wave vectors of the transmitted TM mode are parallel depends on j as shown in figure 6 . The TM wave is the extraordinary wave, so the Poynting and wave vectors have the walk-off. We define the TE , and the walk-off angle between the wave vectors of the TM and TE waves as
TE . The walk-off angles are shown in figure 7 . In continue, we consider a positive uniaxial material as the medium 2 with ε xz 0. The liquid crystal 5CB with e e = =  2.91, 2.36 at λ=589 nm can be an example of such media [16, 18] . In order to investigate the effect of positive ε xz on q k TE are positive for the considered uniaxial medium 2. As a result, the negative refraction will not happen in this case. In figure 8 the isofrequency curves, the direction of the Poynting and wave vectors for the TM mode ( figure 8(a) ) and TE mode ( figure 8(b) ) depicted schematically, for different incident angels. However, as in the case of the anisotropic medium 2 with ε xz <0, there exists an incident angle θ 1 for which= k s 2 TM 2
TM . The dependence of this incident angle on the optical axis orientation of the uniaxial medium 2 is shown in figure 9 .
Conclusion
In summary, the reflection and refraction of the electromagnetic wave from the planar interface of anisotropic uniaxial medium are investigated. It is shown that the angle that the wave vector of the transmitted wave makes with the normal to the interface always is positive for both TE and TM modes. However, the angle that the Poynting vector of the transmitted TM wave makes with the normal to the interface may be negative or positive. The results reveal that the negative refraction can happen in negative uniaxial material whose optical axis is not parallel or perpendicular to the interface. Moreover, it is shown that there is an incident angle for which the wave and Poynting vectors of the transmitted TM wave are parallel.
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